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Abstract. A quantum model of N two-level atoms coupled by a single-mode radiation field
under a restricted rotating-wave approximation is studied, assuming a dipole-interaction
approximation and that the total number of excitations of the system is conserved. A
solution is found for the case of spontaneous emission when the atoms are initially prepared
in the state of complete inversion. This solution is valid for all times. A general solution of
the model is also found for any initial configuration of the system, in the cases of both
spontaneous and stimulated emission. This solution is in a closed form and valid for times
T<Tmax-

1. Introduction

The model of two-level systems interacting via the electromagnetic field has been a
subject of considerable study over the last two decades.

Dicke (1954) proposed that atoms under special preparation could radiate in a
collective way at a rate proportional to the square of the number of atoms. He called
this phenomenon ‘super-radiance’.

The problem was solved exactly (in the rotating-wave approximation) for one atom
(Jaynes and Cummings 1963). Several attempts have been made to extend this solution
for N atoms and although no exact solution was found in the past, many workers have
found exact or approximate numerical solutions for both fully quantum and semi-
classical models (Jaynes and Cummings 1963; Tavis and Cummings 1967, 1968, 1969;
Eberly 1968; Eberly and Rehler 1969, 1970; Mallory 1969; Scharf 1970; Bonifacio
and Preparata 1970; Arecchi and Courtens 1970; Walls and Barakat 1970; Senitzky
1970; Bonifacio et al 1971a,b; Rehler and Eberly 1971; Leonardi et al 1972;
Thompson 1972; Eberly 1972; Narducci er al 1973a, b, ¢; Argawal 1973; Morawitz
1973; Smithers and Lu 1974; Narducci et al 1974; McGillivray and Feld 1976; Glauber
and Haake 1976; Ressayre and Tallet 1977; Lee 1977; Orszag 1977).

In this paper, no loss of memory is assumed (the Markovian assumption), and no
perturbation expansions are made. The usual dipole interaction and restricted rotat-
ing-wave approximations are made. The only additional approximation made turns out
to be insignificant for a reasonably large number of atoms.

For the first time a closed analytic solution is found for the model. The model carries
the following physical assumptions:

(a) The dipole interaction is a good representation of the physical system.

(b) The operator (a*a + R;) is conserved, which in physical terms simply means
that the number of excitations of the atoms and radiation field is conserved. This last
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assumption is a restricted version of the rotating-wave approximation (RwA), a feature
present in almost all previous work.

Although some particular cases are compared with existing work, the detailed
numerical analysis and discussion associated with the behaviour of the solution will be
presented in a future publication (Orszag 1979a).

In § 2 the model is briefly reviewed for the off-resonance case with one single
radiation mode. In § 3 a solution is found for the case M = r, valid for all times, as well
as a general solution for any initial configuration of the system, valid up to a maximum
time 7Tmax. Both solutions correspond to the case of spontaneous emission (n(0) = 0).

In § 4 some particular cases are studied and compared with previous work. The
original Dicke results are retrieved for the short-time single photon emission (n = 1). In
§ 5 the results are generalised for stimulated emission, again valid up to a maximum
time Tmax. Finally, the accuracy of the present calculations as well as other mathemati-
cal aspects of the theory are discussed at the end (§ 6).

2. The model

If we consider a system of N two-level atoms interacting via the radiation field (i.e. any
other interaction mechanism is discarded in this work) and assuming that the geometry
or size of the system is such that only one mode of the field is necessary to describe it, the
Hamiltonian of the system can be written as

H=ta"a(w)+hwoR3+hK(a+a " )(R"+R7), (N

where R3, R*, R™ are respectively the z component, raising and lowering operators for
the atoms in the angular momentum representation, a and a™ are the annihilation and
creation operators for the field, K is the coupling constant, » the frequency of radiation
and w, the separation of the two energy levels in units of #. In resonance o = wo.

Apart from the above assumptions we further assume that the emitting medium has
a low density such that the spatial part of the wavefunctions of the individual atoms do
not overlap and symmetrisation is not necessary. Let us define

N=a"a+R;. 2)
Then it is simple to prove that

[N,H]=2hK(@*R"-aR"). (3)
We will assume that N is conserved or that

[N,H]=0. (4)

Notice that assumption (4) implies that the difference of the two terms, normally
neglected in the rotating-wave approximation, is zero; therefore this is a weaker
condition than the rotating-wave approximation (Rwa). Dividing equation (1) by #K, it
can be written as

H/#K =N +R3A;+(a+a*)(R*+R") ()
where

N=a"a+R,, w1 =w/K, A =A/K =(wo—w)/K. (6)
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A convenient representation for the atomic field operators can be constructed as a
direct product of the photon-number eigenstates and Dicke states
n)|r, m).
According to the well-known angular momentum algebra

R, my=r(r+1)|r, m),
lr,my=r(r+1)|r,m @)

Rilr, m)=mlr, m).

Since the angular momentum operator R? also commutes with the Hamiltonian, the
quantum numbers r and M =n+m are conserved. If an initial state |r, m(0)=
M)|n(0)=0) is assumed (to simplify the notation we will write |[M)|0)), then the
probability amplitude for n photons at the scaled time can be written as

p(n, 7)=(n|(M — n| exp{—ir[w:N + A;R3+(a +a*)(R* + R")}M)|0) (8)

where 7 = K1, ¢ being the real time.

3. The solution (spontaneous emission)

As a first step we shall attempt to factorise the exponential appearing in equation (8),
making use of a very ingenious set of ‘unscrambling’ theorems derived by Arecchi ef al
(1972). They have shown that for any representation of the rotational group algebra

cosh k R sinh k w4 Sinh k
. _ 2 k
exp(w+R™ +w_R™ +w.R3)= . k . 9)
sinh k& cosh k 0 sinh k
Tk 2k
where
w2\ /2
k =(w+w_+-f) . (10)
They also showed that, for example,
- (y:)'? (y)(y)'?
exp(y_R ) exp(ln y,)Rs exp(y.R™ =( _ ) 11
p(y )exp{ln y,)R; exp(y+R"™) (y_)(yz)uz (y:) ”2+(y+y_)y§/2 (11)

Equations (9), (10) and (11) enable us to identify each matrix element and therefore
factorise equation (8). The quantities to be determined are y., y.. and y,. From the four
equations obtained by the identification only three are independent since the deter-
minant of these matrices is unity (Arecchi et al 1972). Setting now (according to
equation (8))

w, =—iMT
which is a ¢ number, and

wi=w_=—itanr(a+a”), (12)

which are operators, the determinant of the matrix is still unity provided we consider a
function of (a” +a) as its power series expansion and bearing in mind that w, and -
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commute, so that the order of the factors is unimportant when calculating k. Therefore
k becomes

k=ir[(a+a*)’+A}/4]'"*=iK, (13)

and the hyperbolic functions cosh K and sinh K become cos K; andisin Ky, and y, y.
are easily determined as

y: =[cos K1 —i(A;7/2)(sin K1)/ K T,
__—ir(a+a”) (sin Ky)/K,

Y+ === cos Ki—iAy (sin K1)/2K; 14
From equations (9), (11) and (4), we can write
exp{—ir[A1R3+ (@ +a")(R"+R7)+w:N]}
= exp(~irw1N) exp(y-R ") exp[(In y,)Rs] exp(y.R ") (15)

where y. and y, are given by equation (14). Making use of our result (equation (15)),
the probability amplitude p(n, 7) can now be written as

p(n, 7)=exp(—iwiMr)(n[(M —n|exp(y-R") exp[(In y,)R;] exp(y-RIM)|0).  (16)

Given the initial state |M)|0), the Hilbert space of our working basis is spanned by
(M +r+1) linearly independent states, since M <r. The states are

IM)[0); [M = 1)[1); ... |=r)|M +7). (17

For the case of stimulated emission (n(0)#0) the conserved quantity is M =
m(0)+n(0) and the dimension of the space is again (M +r+1)if M <r and 2r+1) if
M >r (Narducci et al 1973b).

Proceeding with the calculation of p(n, 7) we write

p(n, 7) = exp(—iw1MrXn|(M —n|exp(y_R ")(y.)™ |M)|0). (18)
To derive equation (18), we used the following facts:

exp(y+R™)|M)|0) = |M)|0),

exp[(In y,)R5]|M)|0) = (y,)™ |M)|0). (19)

Expanding exp(y-R ") in equation (18) and using the property of the angular momen-
tum operator R~

(1{)')"}1\4)=L}i{1 (r+M—-q+1)(r—M+q)]1/2|M——n> (20)
we obtain

pr, 1= 22N pggine-paq)] Mo QD
where

M,o=(n|(y-)"(y:)™0). (22)
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Taking the resonant case A; =0, the parameters of equation (14) become

Ki=7(a+a"), y:=cos’r(a+a"),
+ (23)
y+=y_=—itanr(a+a’),
and
M,o=(n|tan" r(a+a*) cos®™ 7(a +a*)|0)(—i)". (24)

The calculation of the probability amplitude p(n, 7) has been reduced to the compu-
tation of the matrix element M,,,.

Let us first solve the special case when

(a) 2M = n. In this case we write

Mo =[(-1)*"/2*"Xnl{explir(a +a*)]—exp[—ir(a + a")]}"{explir(a +a™)] (25)
+exp[—ir(a +a )M "(0).

M, can finally be written as

2n n 2M-n M-
M= (22")" nlY Y ( )(2 n) (=1)" "1 exp[2ir(a +a™)(s1+ 52— M)][0).
$51=0 s3=0 §2
(26)
Let us define
a =2ir(s, +5s,—M); (27)

then, using the Baker—-Campbell-Hausdorff (BcH) formula (Wilcox 1967), we can write
expla(a +a*)]=exp(aa®) exp(aa) exp(a?/2). (28)

Making use of equation (28), M, can be written as

s 2n
Mno=(2§3, (n] T explaa™) exp(aa) expla /2)( )(“f ”)( 1)"~%/0)

$1;52

or
Moo= =n (‘)T; I Rrlsiton M)]"(i)(ui N ")

X (—=1)""* exp[—27%(s1 + 52— M)*]. (29)
To derive equation (29), we use the following relations:

(n|exp(aa™) exp(aa)|0) = (n| exp(aa™)|0) = a"/(n!)">. (30)

From equations (21) and (29), we find that

n 1/2
p(n, 7) = (~i)>" exp(—iw:Mr)(n !)‘3’22‘2’"[ [[r+M-i+1)r~M +i)]

21 e

§2

x exp[—272(s; +s2—M)2]}. (31)
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The result obtained in equation (31) is not general. Since we have assumed 2M =, and
considering that n,., = M +r, this condition becomes

Mz=r. (32)

The relation (32) can be satisfied with the equal sign for all times only in the case M = r.
In all other cases the solution is valid for short times, before reaching n,., 5o that the
relation 2M =n is satisfied. Beyond that time, this solution (equation (31)) becomes
invalid.

(b) General solution (spontaneous emission). We can write M, in the form

M,o=(—i)"(n|exp[n Intan r(a+a")+2M cos r(a +a")]|0) (33)

and expand Intan7(a+a”) and Incosr(a+a”) in power series in the argument
7(a+a”) (Abramowitz and Stegun 1970). It is simple to prove that (Appendix A)

M, o= (—)"r"(nlj(a+a™)" ] explc,(a+a™)?**]j0) (34)
p=1
with
¢p = na, +2Mb,,
a, =(—1)7712% 2% = 1)B,,7*/(p)(2p)!, (35)
by = (~=1)72%771(2% — 1)B,,7*"/ (p)(2p)!,

where B, are the Bernoulli numbers, defined as (Abramowitz and Stegun 1970)

2 =[P @20/ @) K. (36)

Expanding the exponential in equation (34), and setting

[ e)@+rayqi=§ dia+a’)®, (37

p=1 q=0
equation (34) becomes

Moo= (=i)'r"(n| 3 dula-+a™"|0) (38)
or

Muo=(=0"7" & dlnl(a-+a™* (0 (39)
After some straightforward calculation (Appendix B) we obtain

Muo= (s 3 B2, “0)

and
p(n, 7)=[(=i)"r" exp(~iw1M7)/(n1)*]
n 1/2 1
x[ I (r+M—q+l)(r—M+q)] 5. 52—‘;—,,@51,,. 41)
q=1 FAR M

v=0
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From the definition of d, (equation (37)), we can write

=1 £ eva] )

p=1 g=0 Zoq

To visualise the rather complicated sum and product appearing in equation (42), we list
here the first five terms:

1 2 1
_(Cl)3 (01)1(02)1 (Cs)l
L= aan
(c))® [ M) (€2 (ca)'  (c1)! (e3)
de==, +[ 3 ][ i ]+ IS TS TRISTEE

Since the product pq in equation (42) cannot exceed v, the upper limits of the sum
and product will be v rather than infinity, and p(n, 7) becomes

1/2
p(n, 7y =(=i)"s" exp(—iwIM»r)(n!)_l/z[H (r+M—-q+1)(r— M+q)]

«£ i1 25 ) )

or, in a final form

n 1/2
p(n,r)=(-i)"+" exp(—iwer)(n!)_l/z[ [1r+M—-q+ 1)(r—M+q)]
a=1

Qv +n)' o E)e). . (e
X{Hﬁgl[ (27 {nz} nitna!...on,! ]} (44)
where
cy =[B2p/(p)2p)N(n — M) —2°" (n —2M)] (45)

and by 2,3 is meant 2, 42,5430+, +ony=u-
Using the definition of the Bernoulli numbers (equation (36)), ¢} can be expressed
as follows:

¢k = (- l)p_ ( i )—ZP) [2(n —M)=2%(n—2M)]. (46)

Finally, since equation (29) is not exact (a detailed discussion is presented at the end of
this paper), the normalised probability | p(n, 7)> becomes

lp(n, 7> =|p(n, ‘r)lzqnus)/ Z_:O |p(n, 7)|2qncan) - (46a)

The same argument applies to the result given in equation (31). Summarising this
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section, the results are

n

P =Tl (+M-i+1)r-M+i)

i=1

— b
X s,zsz (:1)(21{2 n) (=1)""*1[27(s1 + 52— M)]" exp[—27%(sy + 52— M)?]

x (2“‘“ / (9 X lp(n, T)|2) (46b)

for the case 2M = n, and for the general case (spontaneous emission)

Ip(n, 7))* = (r)*" H (r+M—q+1)r—-M+gq)

g=1

|5 S (1T 5 CE)] (T It )

21)"1‘ p=1 w=1 w! h N

-1

(46¢)

4. Particular cases

(a) Short time solution, n =1. From equation (44), neglecting the sum over v,
which involves a power series expansion in 72, we obtain

lp(1, )P =72(r+M)(r—M+1) (47)

which is Dicke’s result, using first order perturbation theory (Dicke 1954). Anidentical
result is obtained when the limit r~ small is taken in equation (31).

(b) M =3 n=1, r=3% This case was solved exactly in the rotating-wave approxi-
mation by Jaynes and Cummings (1963, also Allen and Eberly 1975, Louisell 1964).
At resonance, their result (n(0)=0) is

lp(1, ))* =sin’ 7. (48)

Using equation (31) for the values of M =%, n=1, r=%, the summation over s,
disappears (s, = 0) and we obtain (for the normalised probability)

|P(1, T)Irzuormalised = 72/(1 + 72)- (49)

If we now use the expression given by equation (44), the result obtained is identical to
equation (49).
The average number of photons is given by
A=r/(1+12). (50)

Notice that for

T =00, A->1.

The difference between our solution and the result of Jaynes and Cummings is discussed
at the end of this paper.
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5. The solution (stimulated emission)
Let us assume that the initial state of the system is characterised by

[m(0) = M — n(0))|n(0)) (51)
where the conserved quantity is now

M =n(0)+m(0)=n(r)+m(r). (52)
The calculation proceeds as follows: by analogy with equation (16)

p(n, 7) = exp(—iw:Mr)n|(M —n| exp(y-R ") exp[(In y;)R3] exp(y.R™)|m(0))|n (0)) )
(53

where now p(n, 7) is interpreted as the probability amplitude for n photons to be
emitted at time 7, when initially there were n(0) photons. Since our interest is in the net
emission process, n = n(0). The relation n > n(0) will be reversed if net absorption is
considered. Also, since M is the only conserved quantity, for a fixed value of 7 thereisa
limited number of states for which n <n(0) and r>M >m(0). This case is not
considered here.

A typical example of n(0)>n will be considered in Orszag (1979b), when the
present Hamiltonian is used to describe non-linear optical effects. Both the second
harmonic generation and anti-Stokes Raman effect are characterised by n < n(0).

Following a procedure similar to the spontaneous emission case, one obtains the
following results:

p(n, T)="p§"'{ 1’_‘11 [(r = m(0) = s + 1)(r + m(0) + )]*"2

q=0

T [+ m©@+g-1+ D -m@~-q+0]"*/(a + An)tq1)
t=1

X (—j)29+an 24 an f {(I-"I i (€p)®

v=0 p=1 w=0 w! S =0

"ulfjﬂ%q+v)+An]z(n(o)sn!)‘”/[z‘”""(q+v—m

x (1 (0)— )1 j1(j + An)!])} exp(—iw1Mr) (54)
where

An=n-n(0), ¢cp=(2q+An)a, +2(m(0)+q)b, (55)

and the definitions of a, and b, are given by equation (35). This calculation is done in
Appendix C. The upper limits of ¢ are n(0) and n(0)+r—M if M<r and M >r
respectively. The upper limits of j are n(0) and v +q if n(0)sqg+v and n(0)>q+v
respectively.

As a consistency check, if we take n(0) = 0, the summation over q is reduced to one
term (q = 0), the product II, =1, An = n, j =0, ¢, = ¢, (equation (35)) and the result of
spontaneous emission is regained (equation (41)).
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The final normalised probability (stimulated emission) is

upper g 1/
lp(n, =] S {[fl[(r—ma»—s+1><r+m(o>+s>]] 2

q=0 s=1

q+An 1/2
X[ 'I;Il [(’+m(0)+q—t+l)(r—-m(0)—-q+t)]]

<P g+ am] § (1T 3 20

p=1 w=0 w! Spw =0

X(upff”{(zwv)+An>![n(0>!n!]‘“/{z‘””"’(qw -

j=0

max -1

<=2+ am )} (5 1ot ) (56)

=0

6. Discussion

The extension of the unscrambling theorems (equations (9), (10) and (11)) to the case
where the coefficients w,, w- and w, are operators is not obvious. Assuming that
equations (9), (10) and (11) are true in a two-dimensional representation, it does not
follow that the group property of rotations can be applied here since we are not dealing
with ordinary rotations. Furthermore, this extension is only valid if the «’s are a set of
commuting operators acting on a Hilbert space different from the angular momentum
space. The proof is given in Appendix D.

Concerning the time range of validity of the solutions, equation (31) was derived by
using power series expansions of the sine and cosine functions; therefore it is valid for
all times. However, equations (46) and (54) were derived by using the power-series
expansion of In cos 7(a +a”) and In tan 7(a + a ™). This expansion is valid provided the
argument z of In tan z is such that

|z| < /2. (57)

To estimate the range of validity of the solution we take the classical limit, where the
argument z becomes

z=2ar (58)
and
a=n'"? (59)
The condition of equation (57) thus becomes
2n'\?r<m/2 (60)

which clearly indicates that for a given initial preparation of the system there is a
T = Tmax beyond which the solution becomes invalid. In table 1, rmax is listed for various
values of n.

This limitation applies to the cases when the system has been prepared in the
super-radiant state (spontaneous emission) and intermediate states between the super-
radiant and complete inversion states (spontaneous and stimulated emission).
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Table 1.

n Tmax
n=0 no limit
n=1 0-7850
n=2 0:5553
n=3 0-4534
n=10 0:2483
n=20 0-1766

In the case of complete inversion (M =r), equation (31) is used and is valid for all
times.

The following is a discussion on the validity of the RRwA and comparison with the
RWA and exact cases. Let us define

Bexact = eXp{(—iwt)[N +a(a+a*}R*+R)]},
Orrwa = [exp(—iwtN)Hexp[(-iwa(a +a") R +R7)], 61)
frwa = [exp(—iwtN){exp[(-iwt)(a)(@aR " +a*R7)]},
where
a=K/w. (62)

In order to make a meaningful comparison we calculate the spontaneous emission for
one photon by a power series expansion of the exponentials in equation (61).
A simple calculation shows that

(1M = 1|6 exact M)|0) expliwtM) = ¢C; + > Coxaer + . . .
(1M —1|6rrwalM)|0) exp(iwtM) = aC; + a*Crrwa + . . . (63)
(1M = 1|6rwalM)|0) exp(iwtM) = aCy + a*Crya+ . ..

where

Coxact = si(w?)2(M — 1[(1|(a + a*)*(R* + R")*|M)|0) + higher order terms in (wt),
Crawa = §i(wt)(M - 1[(1|(a +a™)*(R" + R7)’|M)|0), (64)
Crwa = §ilw)(M — 1[(1|(aR ™ +a"R7)’|M)|0),
Ci=—(wt)[(r+m)(r—M +1)]'2

From equations (63) and (64) we conclude that the difference between the three
models arises in the cubic and higher order terms in . By comparison of Ceact, CRrwa
and Crwa, We can see that the RRWA model is exact up to (a)*(wt)® while the RwA
neglects part of this term. Therefore the RRwaA is a slightly better approximation since it
includes more terms from the expansion of the exact model, as compared with the RwaA.
The main difference between the two models is that in the RwA, only energy conserving
terms are considered; for instance, aR ™" represents the annihilation of a photon and the
creation of a unit of energy for the atoms. The model itself leads to periodicinterchange
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of energy between the atoms and the field. Hence one obtains a periodic behaviour for
the emitted photons (average).

On the other hand, the RRwA does not take only energy-conserving terms, and
therefore, as we can see from the present results, the periodic behaviour is destroyed.
Exceptionally, this is not true for the case of one atom, where, as we shall prove, the
non-conserving terms do not contribute to the one-photon emission probability.

As far as the normalisation problems arising in the present work are concerned, a
careful analysis shows that they are due to the finite spectrum of the |n) states. Because
of this fact, equations (29), (40), (B.3) and (C.15) are only approximate. To see this

clearly, consider the case M = r = 3. The probability amplitude p(1, 7) is given by
expliw1™™) p(1, 7) = (~3(1] exp[~ir(a + a")(R "+ RO}, (65)
which can be ¢xpanded in a power series as follows:
expliwi ™) p(1, 1)
= (311 -ir(@a+a" )R +R7)=(r*/2)a+a"(R*+R7)...|0)}.

(66)

The Hilbert space of the |n) states is truncated to two states, |0) and |1). Using the
well known properties of the R* and R~ operators one obtains

expliwiMr)p(1, )= (i) = (£*/3) +(+°/51) .. .) (67)
and
Ip(1, )] =sin’® . (68)
Similarly we obtain
|p(0, 7)]* =cos® , (69)

which is in agreement with Jaynes and Cummings. In this special case, as mentioned
before, the non-conserving terms did not contribute to the probabilities. In more
general terms, one can write

exp(iw¥M)p(n, 7) = (M —nl{(n| exp[—ir(a +a ") (R + R7))|0)|M) (70)

for the case of spontaneous emission of n photons. By a power series expansion of
equation (70), we obtain

. < —if)m m + —\m
explioM)p(n, )= 3 S (nlia+a ) IONM-nlRT+ROMY. (D)

Following the techniques used in this work, we write
(n|(a+a™)"0)=(d"/dB™ )Xn| expl(a +a")B]0)|s-0 (72)
and
(M -n|(R*+R")"|M)=(d"/dB™ )M —n|exp[(R" + R7)BIIM)|a-0. (73)

Since the angular momentum operators act on a finite spectrum there is no difficulty in
using the unscrambling theorems for exp 8(R ™+ R 7). It is simple to prove that

exp[B(R* + R™)]=exp[(tanh B)R "] exp[In(cosh® B)Rs] exp[(tanh B)R "] (74)
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and, using equation (74), the following result is readily obtained:

(M—n|(R*+R")"|M) = Al wl(cosh £)")tanh ]| (75)

=0

with

(M =M +n)\'?
a=( ) (76)

“\r=-M)(r+M-n)!

If we now apply a similar technique to the boson operators (equation (72)), using the
BCH identity, we obtain

(nl(a+a™)"|0y= (d"'/da"'xnl exp(Ba™)|0) exp(B*/2)|s-0

( )1/2 (d™/dg™)B" eXP(B /2)) |B =0 77n
which can be written in the final form
(nl(a+a")™0y=m!/(n)"*[3(m —n)}20"~"2, (78)

valid for m = n, and both m and n either even or odd.

Equation (78) is not generally exact. It is exact only for the unbounded spectrum,
and in the case of the truncated |n) states, it is exact only up to terms with m <M +R.
For m > M + R, unwanted states with 1 > npn. =M + R are generated and computed.
To take a simple example, let us return to the one-atom case. A direct computation
gives

(1[(a +a*)*|0)y=(1|a*aa™ +aa*?|0) (79
which are the only two contributing terms. Since the truncated |n) states contain only

the |0) and |1) states the second term in equation (79) generates a |2) state and therefore
drops out of the calculation. We obtain

|(1i(a +a*y0) ——_ (80)

n)states

However, if we assume that both terms contribute (which is obviously incorrect), we
obtain

unbounded = 3. (8 1)

spectrum

|(1/(a +a*)%l0)

Using equation (78) with m =3 and n = 1, we also obtain the result of equation (81),
which is incorrect.

The point at issue is the size of the error introduced by using equation (78). For
r=M =1 it is clear that an error is introduced and that the results of Jaynes and
Cummings are not regained. This is not a result of the RRwa, as is shown by equations
(68) and (69), but is rather due to the inaccuracy of equation (78).

Generally, for a given M and r, and with increasing m, the error will appear only
when m > M + R and states with n > n,,. are starting to be generated. Therefore an
error of the order of (7)™ 1s introduced. It is clear at this point that since the model
itself is only accurate up to a >, for (M + R) > 3, this error is smaller than that inherent in
both the RwA and RRWA theortes and therefore that it can be neglected.
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The previous argument applies to spontaneous emission (§ 3). For stimulated
emission, the quantity involved is

(nl(a+a™)"[n(0)
with nmax = M + R. The calculations are therefore exact up to
Mmax =M +R —n(0). (82)

Summarising this discussion, the present theory, when applied to a system with a
reasonably large number of atoms, is more accurate than the Rwa, and the accuracy of
the calculations presented here and of the curves presented in Orszag (1979a) are
limited only by the accuracy of the model itself.
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Appendix A. Proof of equation (34)

From Abramowitz and Stegun (1970) we obtain

Intanr(@a+a")= Y a,(a+a ) +Inr(a+a”) (A.1)
p=1

Incosr(a+a*)=Y b(a+a")? (A.2)
p=1

where a, and b, are given by equation (35). Using equations (A.1), (A.2), (33) and (35)
we obtain

by(a+ a+)2"} 10)
(A.3)

M, o= (—1)"(n| exp{n[ i a,(a+a*)? +Inr(a +a*)] +2M 2

p= p=1
or
Mo =(-1)"t"(n| [exp pil ca+a +)2"] (a+a™)"|0) (A.4)
where ¢, is given by equation (35). Equation (34) is the factorised version of equation
(A.4).
Appendix B. Proof of equation (40)

Using the BCcH formula (34) we obtain

(nlta +a™*)**""|0) = (d***"/de® " )exp(e?/2){n| exp(ea™) exp(ea)|0)}c=o (B.1)
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or
Zotn B 1 d2u+n o E2m+
<n|(a +a ) |0) - (n !)1/2 d€2v+n (m2=0 2mm;‘)£=o (BZ)
(nl(a+a*)?**"|0) = 2v+n)[(n!)"/?2°1]. (B.3)

Substituting equation (B.3) into equation (39), we obtain equation (40).

Appendix C. Proof of equation (54)

p(n, 7) = exp(—iw:1M7)(n|(M — n| exp(y-R") exp[(In y,;)R3] exp(y.R ") |m(0))|n (0)).
(C.1)

If
M=m(0)+n(0)>r, mQ)max=r
(C.2)
M=m0)+n0)<r, m(0)nx=M.

Considering the condition (C.2) exp y.R™ can be expanded in a power series of the
argument:

exp(ysR™)|m(0) = "’f;q[(y+)"(R*>"/q!]|m(0)>. (C.3)

The upper limit of g is n(0) if M <r and n(0)+r—M if M >r. From the well-known
rules for angular momentum operators we have

R Im (@)= [ [~ m(@=s+Dir-+m(0)+5)]m(©0)+q)

and
expl(in y,)R31|m(0)+q) = (y.)" V% |m(0) +g). (C.4)

In equation (C.4), it is understood that II7_, =1 when ¢ =0. Substituting (C.3) and
(C.4) into (C.1), we obtain

(y+)*(y2)" ™

p(n, 7) = exp(—iwMr)nM ~nlexp(y-R) > [ "
q=0 q:

X [:11 [(r—=m(0)—s+1)r+ m(0)+s)]"2]lm(0)+q>|n(0)>. (C.5)

Let us define
A=[(r—m(0)—s +1)(r+ m(0)+s)]"/?, (C.6)

and it follows from the angular momentum rules that if we expand

exp(y-R7)= & ()“(R7)"/ul, )

then

(M =nl{(R)“Im©0)+q)=[] (B)8uq+an (C.8)

t=1
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where
B,=[r+m0)+q—-t+1)(r—-m(0)—gq +n])V2
If we substitute (C.6) and (C.7) in (C.5) and use the condition (C.8), we obtain

pnn="3 [(1 )T 8)/@+anra]

q=0 s=1
X{(nl(y-)T" 4" (y2) (y:)™ O |n(0)) exp(—iw 1 Mr). (C.9)
At resonance
=y_=—itanr(a+a”)
=y (C.10)

y, =cos’ r(a+a”),
and

Mm@ = (nl(y-)" ™" (v (3) ™ |n (0)),
M, .o={(n|lexp[(2qg+An)Intanr(a+a™)

+2(m(0)+q) In cos (a +a*)]|n (0))(—i)****". (C.11)
From (A.3), (A.4) and (A.5) we can write

2 (ch)“(a+a™)?™

Mn,n(0)= (_i)2q+An<n|1_2q+An(a +a+)2q+An H ' ln(O)) (C12)
p=1 w=0 !
Defining
© O (a+ gty ®
[l §erlera )l § garary (€C.13)
p=1 w=0 w! v=0
it follows that
Mn’n(o)=(_i)Zq+AnT2q+An z [du(nl(a +a+)2v+2q+Anln(0)>]' (C14)
v=0

Calculation of Ny ) = (n|(a +a*)** 292" |n(0)):
d2u+2q+An
Nunoy = a;mm[(nl exple(a+a™)]{n(0)))c-o

d2v+Zq+An .
= W[exp(ez/ 2){(n|exp(ea™) exp(ea)|n(0))le-o

(in the last step the BCcH formula was used)

d2u+Zq+An o 2j+An
- 2 +\j+An i
Nonir= gowezeess (XB(E /D (n] 3, s (@) 7" (@) 1 0)
2v0+2q+An upper j )
=dlzmﬂ7(exp(ez/2) $° ez’“‘"(n(O)!n!)”z/(n(O)—j)!(j+An)!j!)
€ =0 e=0
(C.15)

In equation (C.15) the upper limit of j is n(0) rather than infinite, since
a’|ln(0))=0 if j>n(0).
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Proceeding with the calculation of N, (o), we write

d2v+24+An © upperj €2i+2k+An(n(0)!n!)1/2
N"" = v+2q+ n( . . R ) 1
O g Feitatan | o ,'go k125 +An) (n(0) = )Y o (C.16)
upper j (2(v +q)+ An)! (n(0)! n1)*/?
Nuynoy= Dtq—7 YTV e C.17
0= & Tt g (A O T €17
The upper limit of j is
n(0) if (g+0v)=n(0)
(C.18)
q+v if (g +v)<n(0).
Finally, we write M, (o) as
, 2 uwegeri (2(g+v)+An)! (r(0)!n1)'?
Mnn = (— 2q+An _2q+An ; : 19
o= (=) T ,,god ,go 29 g + v — 1+ An)! (n(0) = )! (C.19)
and
upper q q+An
pin ) =exp(-ionvn) 3, | (1T 4) (T 8) /at(a+ an)!] Moo (€.20)

which is equation (54).

Appendix D. Proof of the extension of the unscrambling theorems in the case when
w., @_, @, are commuting operators.

Assume that

exp(w+] " +w-J +w.J3) =exp(y-R") exp[(In y.)R3] exp(y+R™) (D.1)
is true for a two dimensional space, where

7= o TG el 4) @
Also, define the N-particle operators
R*= ﬁl ", R = §1<r)‘"), R3= fl (J3)™, (D.3)

where the superscript denotes the specific particle. The corresponding exponential for
the N-particle case would be

exp (0. T+ T 04w, 2 05)") (D.4)
that can be ordered as follows:
exp(0: LU 0T U +w, T 05)")

=exp(w+(J NP +o- ()M +w,(J5)")
X exp(w+(J )P+ w-(T)?P +w,(J3)?)
x ... xexpw+ (T +o_-( )" +w,(J3)™). (D.5)
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The last step in equation (D.5) is only valid if w.., w_ and w, commute. We also made
use of the fact that the angular-momentum operators corresponding to different
particles commute with one another. Using equation (D.1) N times, we can write

explo: Y )"+ Y )+ 0, Y J2)™]
= exply_(J7)VJexp[(n y.)(J3) V] exply . (J )]
x. .. xexply-(J )™ expl(n y,)(J2)" T exply.(J "], (D.6)

and, since y., y_ and y, are functions of w., w- and w,, they will also be a set of
commuting operators; therefore we can shift for instance exp y_(J Y ®in equation (D.6)
to the left, next to exp y_(J )" and we can continue the procedure with exp y_(J)*,
etc. Applying the same method to exp(In y,)J5 and exp y.(J*)' we get

exp(we £ U +0- T +0: T 0"

= exp[y— ) (J‘)(”’] exp[(ln ¥ L (Js)‘")] exp[)u ) (J*)‘"’] (D.7)

which is what we wanted to prove.

As for the proof of equation (D.1) for the two-dimensional cases, we can follow a
procedure identical to Arecchi er al (1972), the only difference being that in the
Maclaurin expansion the coefficients are operators rather than c-numbers, again
provided that w., w_ and w, commute.

References

Abramowitz M and Stegun I A 1970 Handbook of Mathematical Functions (New York: Dover)
Allen L and Eberly J H 1975 Optical Resonance and Two-level Atoms (New York: Wiley)
Arecchi F T and Courtens E 1970 Phys. Rev. A2 1730

Arecchi F T, Courtens E, Gilmore R and Thomas H 1972 Phys. Rev. A6 2211

Argawal G S 1973 Phys. Rev. A7 1195

Bonifacio R and Preparata G 1970 Phys. Rev. A2 336

Bonifacio R, Schwendimann P and Haake F 1971a Phys. Rev. A4 302

—— 1971b Phys. Rev. A4 845

Dicke R H 1954 Phys. Rev. 93 99

Eberly J H 1968 Phys. Letr. 26 A 499

- 1972 Am. J. Phys. 40 1374

Eberly J H and Rehler N E 1969 Phys. Lett. 29A 142

—— 1970 Phys. Rev. A2 1607

Gambini R 1977 Phys. Rev. A15 1157

Glauber R Y and Haake F 1976 Phys. Rev. A13 357

Jaynes E T and Cummings F W 1963 Proc. IEEE 51 89

Lee CT 1977 Phys. Rev. A16 301

Leonardi C, Messina A and Persico F 1972 J. Phys. C: Solid St. Phys. § L218

Louisell W H 1964 Radiation and Noise in Quantum Electronics (New York: McGraw-Hill)
McGillivray J C and Feld M S 1976 Phys. Rev. A14 1169

Mallory W R 1969 Phys. Rev. 188 1976

Morawitz H 1973 Phys. Rev. A7 1148

Narducci L. M, Orszag M and Tuft R A 1973a Collective Phenomena 1 113

—— 1973b Phys. Rev. A8 1892

Narducci L M, Bowden C M and Coulter C A 1973c Lent. Nuovo Cim. 8 57

Narducci L M, Coulter C A and Bowden C M 1974 Phys. Rev. A9 829



Interaction of N atoms with the radiation field: 1

Orszag M 1977 J. Phys. A: Math. Gen. 10 L159
—— 1979a J. Phys. A: Math. Gen. 12 2225

—— 1979b J. Phys. A: Math. Gen. 12 2233

Rehler N E and Eberly J H 1971 Phys. Rev. A3 1735
Ressayre E and Tallet A 1977 Phys. Rev. A6 2410
Scharf G 1970 Helv. Phys. Acta 43 806

Senitzky I R 1970 Phys. Rev. A2 2046

Smithers M E and Lu E Y C 1974 Phys. Rev. A9 790
Tavis M and Cummings F W 1967 Phys. Lett. 25A 714
—— 1968 Phys. Rev. 170 380

—— 1969 Phys. Rev. 188 692

Thompson B V 1972 J. Phys. A: Gen. Phys. § 1453
Walls D F and Barakat R 1970 Phys. Rev. Al 446
Wilcox R M 1967 J. Math. Phys. 8 962

2223



